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Let G be a compact group. Let S(G), C(G), N (G) be the spaces of closed subgroups,
cosets of closed subgroups, normal closed subgroups (respectively) of G , with the Vietoris
topology.
Then: (1) S(G) and C(G) are never connected; (2) N (G) is always totally disconnected;
(3) C(G) is totally disconnected if and only if G is totally disconnected; and (4) S(G) is
totally disconnected if and only if G/Z(G) is totally disconnected.
Further: for totally disconnected G (equivalently, proﬁnite G) (5) S(G), C(G) and N (G) are
κ-metrisable; (6) S(G), C(G) and N (G) are Dugundji compact if G has small weight; and
(7) consequences for ﬁeld extensions are derived.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In [1], the space of closed subgroups, S(G), of a compact group G , was introduced, and its basic properties revealed. The
current paper takes our investigation a step further.
First we consider when subgroup spaces are connected or totally disconnected. (A space is totally disconnected if the
only connected subspaces are the singletons; in a compact space, this is equivalent to being zero-dimensional, in other
words having a basis of closed and open sets.) The key result is that S(G) is totally disconnected if and only if G/Z(G) is
totally disconnected. In subsequent work [2], this result is extended (using an entirely different approach) and the dimension
of S(G) is related to that of G/Z(G).
Second we study the topological properties of the space of subgroups of a totally disconnected compact group. (Totally
disconnected compact groups are more commonly termed ‘proﬁnite’ groups.) In particular, if G is a proﬁnite group, then
S(G) is always κ-metrisable, and is Dugundji compact provided G has small weight. The restriction on weight is neces-
sary. The Dugundji property is of a technical nature, but precisely captures the topological features of compact topological
groups. Kappa-metrisability is a slightly weaker condition. These results are key building blocks for the partial, but extensive,
classiﬁcation of homeomorphism types of S(G) for G proﬁnite presented in [3] and [4].
The objects of study are a compact topological group G and S(G), the set of all closed subgroups of G , C(G), the set
of cosets of closed subgroups, and N (G), the set of normal closed subgroups. Each of S(G), C(G) and N (G) is considered
as a (compact) subspace of K(G), the space of all non-empty closed subsets of G , with the Vietoris topology. A basic
neighbourhood of an H in S(G) has the form B(H,U ) = {K ∈ S(G): H ⊆ K .U and K ⊆ H .U }, for open U containing the
identity. In the case when G is proﬁnite, we may take U to be an open normal subgroup, so that B(H,U ) simpliﬁes to
{K ∈ S(G): H .U = K .U }.
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the lattice structure of closed subgroups of locally compact (but, typically, non-compact) groups, and are essentially disjoint
from the work presented below.
2. Connexion and zero-dimensionality of S(G)
In this section we consider the connexion and zero-dimensionality of S(G), C(G) and N (G). We show that none of these
spaces is connected, and then determine when each is zero-dimensional.
Theorem 1. Let G be a compact group. Then none of S(G), N (G) or C(G) is connected.
Proof. Let us start with S(G). Let G0 be the identity component of G . Since S(G/G0) is a continuous image of S(G), for
S(G) to be connected, G/G0 must be trivial. In other words, G is connected.
Let H be any non-trivial connected compact Lie group which is the homomorphic image of G . Again, for G to be
connected, the lifted homomorphism shows that S(H) must also be connected. It is a famous result that a compact group is
a Lie group if and only if it has the ‘no small subgroups’ property (that is, if there is an open neighbourhood of the identity
which contains no non-trivial compact subgroup). This is easily seen to be equivalent to saying the identity subgroup is
isolated in S(H). In particular, our S(H) is not connected.
The claim for C(G) now follows immediately since there is a natural retraction of C(G) onto S(G) [1].
We omit the proof for N (G), because we will show that N (G) is not only not connected, but it is totally discon-
nected. 
Now for zero-dimensionality. The space C(G) is easily disposed with. If G is zero-dimensional, then K(G), and hence
C(G), is also zero-dimensional. For the converse, simply recall that G naturally embeds in C(G) [1].
The space of normal subgroups is a little more interesting. We show that for all compact groups G , N (G) is zero-
dimensional. Let us ﬁx a group G . Then G may be represented as a projective limit of compact Lie groups, say G = lim← Gλ .
Further (Proposition 13 of [1]), N (G) can be represented as lim← N (Gλ). Thus N (G) is zero-dimensional for all G if and
only if N (G) is zero-dimensional for all compact Lie groups G .
Let G be a compact Lie group. Then N (G) is a compact metric space, which is countable (and hence zero-dimensional) if
it is scattered. Dimension considerations show that S(G) (and hence N (G)) has the descending chain condition, So if Γ is
any non-empty family of closed normal subgroups of G , then we can ﬁnd N in Γ , so that N contains no proper subgroups
belonging to Γ .
As demonstrated in the proof of Theorem 1 immediately above, the identity element N of G/N (a compact Lie group)
is isolated in S(G/N). Hence the set of all normal subgroups of G contained in N is closed and open in N(G). Thus N is
isolated in Γ .
The situation regarding S(G) is much more interesting. Let us observe that S(G) is certainly zero-dimensional for zero-
dimensional G . Further, for abelian G , by Pontryagin duality (see Theorem 14 of [1]) S(G) is homeomorphic to a subspace
of a power of the two point space, and so S(G) is zero-dimensional in this case as well.
This suggests that the class Z of all compact groups such that their subgroup space is zero-dimensional is either the
class of all extensions of a compact abelian groups by proﬁnite groups, or the class of all direct products of compact abelian
groups and proﬁnite groups. We will give two examples to show that neither conjecture is correct. However the examples
do lead us to the correct result.
Example 2 (Generalised dihedral group). Let G be the semidirect (but non-direct) product of the circle group T by C2.
Then S(G) is homeomorphic to the space consisting of a convergent sequence and a sequence of circles converging to
a unique limit point. In particular, S(G) is not zero-dimensional, although G is the extension of an abelian group by a
proﬁnite group.
To see that the space of subgroups of G is as claimed, let us observe that G is topologically isomorphic to the subgroup of
all rotations of the 2-sphere consisting of those rotations which ﬁx a speciﬁed great circle, the ‘equator’. Closed subgroups
of G are then of four types. First, the subgroup, T , consisting of all rotations of the sphere about the North–South axis.
Evidently T is isomorphic to the circle group. The (ﬁnite) cyclic subgroups of T then form a sequence (of type 2 subgroups)
in the space of subgroups of G converging to T . The third type of subgroup is G itself. Let us now consider those (ﬁnite)
subgroups of G , say H so that H ∩ T = 1. These are precisely the cyclic subgroups, C(t), of G , of order 2, with genera-
tors rt , where t is a point on the equator, and rt is the rotation of the 2-sphere with axis t and its antipodal point, which
interchanges the North and South poles. Clearly, the family of all such C(t) is homeomorphic (in the subgroup space) to a
circle. The fourth type of closed subgroups of G come in families, each family homeomorphic in the space of subgroups to
a circle, where the families consist of the product in G of a (ﬁnite) cyclic subgroup of T and a C(t). These families converge
to G .
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4-group C2 × C2.
Then S(G) is homeomorphic to the disjoint union of four convergent sequences. In particular S(G) is zero-dimensional
although it is not the direct product of a proﬁnite and an abelian group.
There are just four subgroups H of G such that H ∩T= 1. They are the trivial subgroup itself, and three cyclic subgroups
of order 2. Combined with the cyclic subgroups of T, these give rise to the four convergent sequences in the subgroup
space. The full group G is isolated in S(G).
Theorem 4. Let G be a compact group. Then:
(1) S(G) is zero-dimensional if and only if G/Z(G) is zero-dimensional.
(2) N (G) is always zero-dimensional.
(3) C(G) is zero-dimensional if and only if G is zero-dimensional.
Proof. We have already established (2) and (3) in our discussion above. So we concentrate on (1). Let G be a compact group.
We represent G as the projective limit of its compact Lie homomorphic images, G = lim←{H: H compact Lie homomorphic
image of G}. Then, by Proposition 13 of [1], S(G) can be represented as S(G) = lim← S(H). Hence, S(G) is zero-dimensional
if and only if for each Lie group H which is the homomorphic image of G , its space of subgroups, S(H), is zero-dimensional.
Note also that G/Z(G) is zero-dimensional if and only if the connected component, G0, of G is contained in the centre of
G , Z(G).
Let us assume that (1) holds for compact Lie groups. Suppose G/Z(G) is zero-dimensional, and let φ be a continuous ho-
momorphism of G onto a compact Lie group H . Then by a standard argument φ(G0) = H0, and so H0 = φ(G0) ⊆ φ(Z(G)) ⊆
Z(H). Thus H/Z(H) is zero-dimensional. It follows then that if G/Z(G) is zero-dimensional then S(G) is zero-dimensional.
Now suppose G/Z(G) is not zero-dimensional, so there is an x in G which is in G0 but not in Z(G). Since G is (topo-
logically isomorphic to) the projective limit of all its Lie images, and x is not in Z(G), there must be a Lie group H and
continuous homomorphism of G onto H , say φ, so that φ(x) /∈ Z(H). But now φ(x) is in H0 but not Z(H), so H/Z(H) is
not zero-dimensional. It follows that if G/Z(G) is not zero-dimensional then S(G) is not zero-dimensional.
We prove (1) for compact Lie groups. Since connected compact abelian Lie groups are precisely tori (ﬁnite powers of the
circle group), it suﬃces to establish the following claim.
Claim: Let G be a compact Lie group. Three cases arise:
(1) The connected component of G is not abelian. Then S(G) contains a non-trivial connected subspace.
(2) The connected component of G is abelian (and hence is topologically isomorphic to a torus) but is not central. Then
S(G) contains a non-trivial connected subspace.
(3) G is a central extension of a closed normal subgroup K , which is topologically isomorphic to a torus, by a ﬁnite group F ,
in which case S(G) is countable.
The ﬁrst case is quite straightforward to deal with. Let G0 be the identity component of G . S(G0) embeds naturally
in S(G), so we need only show that S(G0) contains a non-trivial connected subspace. Let T be a maximal torus in G0.
It is well known that a maximal torus in a connected non-abelian Lie group is never normal, in fact the conjugates of a
maximal torus actually cover the group. Considering the action of conjugation by elements of G0 on T , the image in S(G0)
is connected and not trivial.
The proofs of the remaining two cases depend on the fact that extensions of abelian groups are fairly well understood.
We outline the required machinery, indicating the adjustments necessary for dealing with topological groups.
Given K a torus and F a ﬁnite group, all topological extensions of K by F arise as follows.
Let θ be a homomorphism F → Autc(K ) (the continuous automorphisms of K ). Let f be a map (the ‘factor set’)
F × F → K satisfying (1) f (1, y) = 1 = f (x,1) and (2) θx( f (y, x)) f (xy, z)−1 f (x, yz) f (x, y)−1 = 1 (the ‘cocycle identity’).
Let G have underlying set and topology, G = K × F and group operations
(a, x)(b, y) = (aθx(b) f (x, y), xy
)
, (a, x)−1 = (θx−1 (a)−1θx−1
(
f
(
x, x−1
))−1
, x−1
)
.
(Necessary and suﬃcient conditions for continuity of these operations is continuity of the automorphisms of K . Other
restrictions are obviated by the fact that F is discrete.)
Every extension arises as above, but different factor sets may yield the same extension. In fact, factor sets f and g give
identical extensions if and only if there is a map h : F → K such that h(1) = 1 and g(x, y) = f (x, y)θx(h(y))h(xy)−1h(x).
In our particular situation, where K = Tn and F is ﬁnite, given a factor set f , we can ﬁnd an equivalent factor set g with
restricted possible values for g(x, y) for x, y ∈ F .
Let n be the size of F . We deﬁne σ : F → K by σ(x) =∏z∈F f (z, x). Note σ(1) = 1. Multiplying the cocycle identity
θ( f (y, z)) f (xy, z)−1 f (x, yz) = f (x, y) over all z in F , gives θx(σ (y))σ (xy)−1σ(x) = f (x, y)n (∗). Let us observe that K is
divisible, that is to say, every element a of K has a ﬁnite number of nth roots (b such that bn = a) for each n 1.
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f (x, y)θx(h(y))h(xy)−1h(x). Then f and g are certainly equivalent. Further, g(x, y)n = f (x, y)nθx(σ (y))−1σ(xy)σ (x)−1 = 1,
by (∗).
In other words, for all x and y in F , g(x, y) is one of the (ﬁnitely many) nth roots of unity. We denote by Kn the ﬁnite
subgroup of nth roots of unity in K . Henceforth, we assume our factor set f maps into Kn .
It is easy to check that our extension is central if and only if θ is trivial (that is to say, θx is the identity for all x).
Proof of case (2) (θ is not trivial): We ﬁx x in F such that θx = 1. Our ﬁrst step is to show that (1, x) generates a ﬁnite
(and hence closed) subgroup of G .
Computing the powers of (1, x) we see
(i) (1, x)2 = (1, x)(1, x) = (1.θx(1) f (x, x), x2) = ( f (x, x), x2);
(ii) (1, x)3 = (1, x)2(1, x) = ( f (x, x)θx2 (1) f (x2, x), x3) = ( f (x, x) f (x2, x), x3); and, in general,
(iii) (1, x)r = ( f (x, x) f (x2, x) . . . f (xr−1, x), xr).
Now x has ﬁnite order r less than or equal to n, and f (x, x) f (x2, x) . . . f (xr−1, x) is in Kn . Thus (1, x) does indeed
generate a ﬁnite subgroup (of order no more than n2).
Let H be the group generated by (1, x). Note that {c: (c, x) ∈ H} is ﬁnite. The conjugate of (1, x) by an element, (a,1) of
K is:
(a,1)(1, x)(a,1)−1 = (a,1)(1, x)(a−1,1)= (aθ1(1) f (1, x), x
)(
a−1,1
)
= (a, x)(a−1,1)= (aθx
(
a−1
)
f (x,1), x
)= (aθx(a)−1, x
)
.
Consider the continuous map a 	→ aθx(a)−1 of K → K . Since 1 maps to 1, but θx = 1, for some a0, θx(a0) = a0, and we have
a0 	→ b where b = a0. Hence by connectedness of K and ﬁniteness of {c: (c, x) ∈ H}, H is not normalised by K . Therefore
the image of K acting on H by conjugation is a non-trivial connected subspace of S(G).
Proof of case (3) (θ is trivial). Let K be Tm , and recall that n is the size of F . We prove our claim by induction on m.
In fact we will show that for each H ∈ S(K ), [H] = {H ′ ∈ S(G): H ′ ∩ K = H} is countable. Since S(K ) is countable (see the
examples section in [1]), this suﬃces.
When m = 0, K = {1}, G is ﬁnite and our claim is trivially true.
Inductive step: Supposing Gˆ is a compact group which is a central extension of T r (r < n) by Fˆ ﬁnite, then S(Gˆ) is
countable.
We consider any H ∈ S(K ). By centrality of K in G , H is normal in G . By the 3rd Isomorphism Theorem, G/H is an
extension of K/H by G/K (= F ). It is easy to check that the extension is central. Two cases now arise. If H is not ﬁnite
then K/H = T r for some r <m. By our inductive hypothesis, S(G/H) is countable, and, in particular, [H] is countable.
However, if H is ﬁnite, then H is contained in a (ﬁnite) group KN of Nth roots of the identity in K (without
loss of generality we may suppose n divides N). Take any H ′ ∈ [H] and any (a, x) ∈ H ′ . Then H(a, x), the closed sub-
group generated by (a, x), is contained in H ′ . The rth power of (a, x) is (ar f (x, x) . . . f (xr−1, x), xr), and the nth power is
(ar f (x, x) . . . f (xr−1, x),1). Since all f (xr, x) are in KN for 1  r  n − 1, a must be an nth root of an Nth root of 1. And
there are only ﬁnitely many possibilities for a.
Therefore, only ﬁnitely many (a, x)’s can possibly belong to H ′ , and there can only be ﬁnitely many H ′ in [H]. 
3. Dugundji compactness and κ-metrisability
Pelczynski introduced the notion of a Dugundji compact space in [5]. A compact space is Dugundji compact if, whenever
X is a subspace of a compact space Y and f is a continuous map from X into a compact convex subspace of a locally
convex topological vector space, then f can be extended to a map on Y .
There are numerous alternative characterisations of Dugundji compactness. One such result states that a compact space is
Dugundji if and only if it can be K0-embedded in a compact topological group. (A subspace A of a space X is said to be K0-
embedded if there is an operator k assigning to each open subset of A an open subset k(U ) of X such that (1) k(U )∩ A = U
and (2) if
⋂n
i=1 k(Ui) = ∅ then
⋂n
i=1 Ui = ∅.) Thus every compact group is Dugundji compact. For further details on Dugundji
compact spaces, and compact κ-metrisable spaces, the reader is referred to Shakmatov’s survey article [10].
The notion of κ-metrisability was introduced by Šchepin [9]. A compact space is κ-metrisable if and only if it has a
κ-metric. Let RC(X) denote the family of all regularly closed subsets of X . A non-negative function ρ : X × RC(X) →R is
called a κ-metric if it satisﬁes:
(1) ρ(x, F ) = 0 if and only if x ∈ F ;
(2) if x ∈ X , F , F ′ ∈ RC(X) and F ⊆ F ′ , then ρ(x, F ′) ρ(x, F );
(3) for F ∈ RC(X) ﬁxed, the function ρ(·, F ) : X →R is continuous;
(4) if {Fα: α ∈ τ } ⊆ RC(X) is an increasing transﬁnite sequence and x ∈ X , then ρ(x,⋃{Fα: α ∈ τ }) = inf{ρ(x, Fα): α ∈ τ }.
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of a space X is K1-embedded if there is an operator k assigning to each open subset of A an open subset k(U ) of X such
that (1) k(U ) ∩ A = U and (2) if k(U1) ∩ k(U2) = ∅ then U1 ∩ U2 = ∅.) It follows that Dugundji compacta are κ-metrisable.
Also observe that it follows that a K1-embedded subspace of a compact κ-metrisable space is κ-metrisable.
A third description of κ-metrisable compact spaces is that they are the spaces which can be represented as a projective
limit of a system of spaces whose members are all compact and metrisable, where all projections are open, and any chain
of countably many members has its least upper bound as a member. Using the latter description we show that S(G), N (G)
and C(G) are κ-metrisable, provided G is proﬁnite.
We start the proof with a useful lemma concerning the induced maps between subgroup spaces of proﬁnite groups.
Proposition 5. Let ϕ : G1 → G2 be a continuous open homomorphism between the proﬁnite groups G1 and G2 . Then Sϕ : S(G1) →
S(G2) is open.
Proof. Take B(H,U ) = {K ∈ S(G1): K ⊆ HU and H ⊆ KU } (U o G1). Then Sϕ[B(H,U )] = {ϕ(K ): K ⊆ HU and H ⊆ KU }.
Take ϕ(K ) ∈ Sϕ[B(H,U )].
Then, since ϕ is open, B(ϕ(K ),ϕ(U )) is a basic open neighbourhood in S(G2) of ϕ(K ).
B(ϕ(K ),ϕ(U )) = {L ∈ S(G2): L ⊆ ϕ(K )ϕ(U ) and ϕ(K ) ⊆ Lϕ(U )}.
We claim that B(ϕ(K ),ϕ(U )) ⊆ (Sϕ)[B(H,U )].
For this, it is suﬃcient to show that if L ⊆ ϕ(K )ϕ(U ) and ϕ(K ) ⊆ Lϕ(U ), then there is some M in S(G1) such that
(1) ϕ(M) = L;
(2) M ⊆ HU ;
(3) H ⊆ MU .
Set M = ϕ−1(L) ∩ HU . M is a closed subgroup of G1. Condition (2) is clearly satisﬁed.
To prove (1), observe that L ⊆ ϕ(K )ϕ(U ) = ϕ(KU ) = ϕ(HU ). Hence ϕ(M) = L. Finally, H ⊆ MU if and only if for every
h ∈ H there is some m ∈ M ∩ hU . We know that H ⊆ KU and ϕ(K ) ⊆ Lϕ(U ). Take any h ∈ H . Then h = ku0, for some k ∈ K
and u0 ∈ U . Also ϕ(k) = lϕ(u1), so ϕ(ku−11 ) = l. Let m = ku−11 . Then m ∈ kU = hU ⊆ HU and ϕ(m) = l ∈ L. So m ∈ M . Further,
mU = kU = hU . 
It is not known whether proﬁniteness is a necessary condition in the above proposition, or whether there is a counterex-
ample.
The following is a version of the Structure Theorem for compact groups.
Proposition 6. Let G be a proﬁnite group. Then G is the projective limit of the family of quotient groups G/U , for U an open normal
subgroup of G. Each G/U is a ﬁnite group, the bonding maps (which are the natural homomorphisms) are (trivially) open. Note that
the family of open normal subgroups is not countably directed.
The next proposition follows immediately from the above result, and Proposition 13 of [1].
Proposition 7. Let G be a proﬁnite group. Then S(G) = lim← S(G/U ), where U runs over open normal subgroups of G.
Theorem 8. If G is proﬁnite, then S(G) is κ-metrisable.
Proof. Let G be a proﬁnite group. As above, S(G) = lim← S(G/U ), for U open normal in G . This system is a system of
compact metric spaces (ﬁnite, indeed), where the projection maps are open. However, the ﬁnal condition in the third
characterisation of κ-metrisability is not satisﬁed: the intersection of countably many open normal subgroups need not
be an open normal subgroup. We overcome this diﬃculty by adding in the limits of countable chains to the system, and
checking that this enlarged projective representation for S(G) satisﬁes all the requirements.
Let {Un}n∈ω be a countable (decreasing) chain of open normal subgroups. We write φn for the induced homomorphism
of G onto G/Un , and S(φn) for the lifted map S(G) to S(G/Un). Then we deﬁne the diagonal map Δ = Δn∈ωS(φn) by
Δ : S(G) →
∏
n∈ω
S(G/Un), Δ(H) =
(S(φn)(H)
)
n∈ω.
The image of Δ is one of the limit spaces we need to add to make the new system countably directed; adding in all
such spaces to the system, it is clear that all the other conditions are satisﬁed, except possibly the open-ness of the new
projection maps. We need, then, to check that Δ is open onto its image.
We set N to be the intersection of the Un ’s. Then N is a closed normal subgroup. Let B(H,U ) be a basic open set
in S(G). Then ΔB(H,U ) = {(φn(K ))n∈ω: KU = HU }.
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Let B be πm−1{φm(K )}. This is an open neighbourhood of Δ(K ). We show that, restricted to the image of the diagonal map,
this open set is contained in the image under the diagonal map of B(H,U ). (And hence, ΔB(H,U ) is open, as required.)
So, take any L such that ΔL ∈ B . We need to show that there exists an M in S(G) such that (a) Δ(M) = Δ(L) and
(b) HU = MU .
The information we have is: (i) HU = KU , (ii) Um ⊆ UN and (iii) KUm = LUm . We deﬁne M = LN ∩ HU , and prove a
series of claims leading to the proofs of (a) and (b).
Claim 1. Note that UmU = UN = NU .
Claim 2. HUN = LNU . For HUN = KUN (by (i)), KUN = KUmU (Claim 1), KUmU = LUmU (by (iii)), and LUmU = LNU
(Claim 1).
Claim 3. HU = (LN ∩ HU )U and LN = (LN ∩ HU )N . For: Clearly (LN ∩ HU )U ⊆ HU . Conversely, take any h ∈ H . Then
(by Claim 2) h = lnu (l ∈ L, n ∈ N , u ∈ U ). So hu−1 = ln ∈ HU ∩ LN , and thus h ∈ (LN ∩ HU )U . Therefore HU ⊆ (LN ∩ HU )U .
Interchanging H with L and U with N in the above argument, gives the second identity.
To complete the proof, by Claim 3, M satisﬁes MU = HU (which is (b)). Further, as MN = LN (Claim 3) and N ⊆ Un
for all n, we have, MUn = MNUn = LNUn = LUn for all n ∈ ω. In other words, φn(M) = φn(L) for all n, which means
Δ(M) = Δ(L) (which is condition (a)).
Hence S(G) has a ‘nice’ projective representation, and so is κ-metrisable. 
From κ-metrisability of S(G) follows the companion results for C(G) and N (G).
Corollary 9. If G is proﬁnite, then N (G) and C(G) are κ-metrisable.
Proof. For N (G), it suﬃces to note that Lemma 5 of [1] shows that N (G) is K0-embedded in S(G), and hence K1-
embedded; and recall that κ-metrisability is inherited by K1-embedded subspaces.
For C(G), ﬁrst note that G and S(G) are κ-metrisable, and hence any continuous open image of their product is κ-
metrisable. Clearly the map from G × S(G) onto C(G) given by (x, H) 	→ H .x is continuous. It is not diﬃcult to further
check that, provided G is proﬁnite, this map is open. 
Knowing that for proﬁnite G , our spaces S(G), N (G) and C(G) are κ-metrisable, we immediately derive a number of
interesting corollaries (see Shakmatov’s survey article [10]).
Theorem 10. If G is a proﬁnite group, then the following hold for S(G), N (G) and C(G):
(1) the space has Shanin’s condition (every uncountable cardinal is a calibre),
(2) hereditary normality, or ℵ0-monolithicity, imply metrisability,
(3) π -character, character and weight are all equal.
The above results have applications in ﬁeld theory. Let K be a Galois extension of a subﬁeld F . Then the Galois group
of this extension, G , is proﬁnite. Write Field(K , F ) for the set of all subﬁelds of K containing F , considered as a subspace
of 2K . Proposition 21 of [1] says that the Galois correspondence between closed subgroups of G and the intermediate ﬁelds
sets up a homeomorphism. Thus Field(K , F ) is also κ-metrisable, and has all the properties listed in Theorem 10.
It is natural to ask whether the conclusion of ‘κ-metrisability’ in the above theorem can be extended to ‘Dugundji
compactness’. The answer to this question is, however, negative; this is demonstrated by the following example of Haydon
(private communication). (The second uncountable cardinal is denoted below by ℵ2.) This is similar in spirit, but not proof,
to Shapiro’s result [8] that K(2ℵ2 ), the space of all closed subsets of 2ℵ2 is not dyadic (and hence not Dugundji).
Example 11 (Haydon). Let G = Cℵ22 . Then G is a proﬁnite group such that S(G) is not Dugundji compact.
However compact κ-metrisable spaces of weight no more than ℵ1 (the ﬁrst uncountable cardinal) are always Dugundji
compact. As the weight of G , S(G), C(G) and N (G) are all equal (Corollary 11 of [1]) we deduce:
Theorem 12. If G is proﬁnite, and the weight of G is no more than ℵ1 , then S(G), C(G) and N (G) are all Dugundji compact.
The authors do not know whether any proﬁnite group of weight strictly greater than ℵ1 has Dugundji compact subgroup
space.
In terms of ﬁeld extensions (see above), it follows that Field(K , F ) is Dugundji compact if the degree of the extension
is  ℵ1. A Dugundji compact subspace (such as Field(K , F )) of a (generalized) Cantor cube (such as 2K ) is always embedded
as a retract. Thus we see, for example, that Field(K , F ) is separable when the degree of the extension is  ℵ1. On the other
hand, every proﬁnite group can be realized as a Galois group, so there is a Galois extension (K , F ) whose Galois group
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compact. In particular this Field(K , F ) is not a retract of its ambient space 2K . It follows that there is a distinct difference
(expressed in the topology of the space of intermediate ﬁelds) between ﬁeld extensions of degree ℵ1 and degree ℵ2.
In [3] Theorems 8 and 12 play a key role in showing for proﬁnite groups G: (1) |S(G)| = |N (G)| = 2w(G) when
w(G) ℵ1 and (2) that in fact, if w(G) = ℵ1, then S(G) must be homeomorphic to the Cantor cube 2w(G) .
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